It is shown that flat covers exist in a wide class of additive categories -we call them elementary -which behave similar to locally finitely presented Grothendieck categories. Elementary categories have enough "finitely presented" objects, but they need not be locally finitely presented. This is related to the existence of pure monomorphisms which are not kernels and the non-exactness of direct limits. For a module category Mod(R), every class of Rmodules containing R cogenerates an elementary full subcategory.
Recall that an additive category A with direct limits is said to be locally finitely presented [6] if every object is a direct limit of objects in a skeletally small full subcategory fp(A ), where is bijective for direct limits lim −→ A i in A . Previous investigations suggest that in order to have a suitable concept of purity (let aside "λ-purity" which depends on a regular cardinal λ), one has to deal with categories A which are locally finitely presented.
Nevertheless, we will show that this restriction can be avoided. Note that for a locally finitely presented category A , the morphisms E → A with E ∈ fp(A ) can be regarded as "elements" of A, generalizing the fact that the elements of an R-module M correspond to the R-linear maps R → M.
In the present article, we introduce a class of additive categories A for which a concept of "finitely presented" object can be defined in a natural way, such that every object of A is a direct limit of finitely presented ones. Since finitely presented objects give rise to "elements", we call such categories A elementary. However, in contrast to locally finitely presented categories, the maps (0) need not be injective. We show that an elementary category is abelian if and only if it is a locally finitely presented Grothendieck category. Our main result (Theorem 4) states that flat covers exist in any elementary category. For example, every pretorsion-free class A in a module category Mod(R) with R ∈ A is elementary (Proposition 5). Of course, such categories need not be locally finitely presented. If A is elementary, every functor category A I is elementary (Proposition 6).
We show first that elementary categories are left quasi-abelian and complete (Proposition 2). Using "elements", purity can be defined in an elementary category. While every pure epimorphism is a cokernel, so that its kernel is a pure monomorphism, pure monomorphisms need not be kernels, although they are monic and have pure epimorphisms as cokernels (Proposition 7). Amazingly, this asymmetry is caused by a lack of objects. Namely, every elementary category A admits a natural full embedding into an elementary category A with the same finitely presented objects where this anomaly does not occur (Corollary 2 of Theorem 3). We prove that an elementary category is locally finitely presented if and only if pure monomorphisms are kernels, and that this property is also equivalent to the exactness of direct limits (Theorem 3). We call such elementary categories closed. In the abelian case, there is no such distinction, i.e. every abelian elementary category is closed.
Since locally finitely presented categories A are in one-to-one correspondence with varieties, that is, skeletally small additive categories E with splitting idempotents, it is natural to ask which varieties correspond to closed elementary categories. We characterize such elementary varieties as varieties E with cokernels such that every cokernel A a − → B b C in E can be lifted along any morphism E → C in E (Definition 5). In the abelian case, a similar correspondence holds between locally finitely presented Grothendieck categories A and left abelian [16] varieties E .
For a cocomplete additive category A , let E denote the full subcategory of objects E for which the maps (0) are surjective. Then A is elementary if and only if E is an elementary variety, and every object of A is a direct limit of objects in E (Theorem 2). This shows that elementary categories retain some similarity to locally finitely presented Grothendieck categories.
We give a precise characterization of the embedding I : A → A of an elementary category A into its closure A . Namely, a closed elementary category B is of the form A if and only if A is a reflective full subcategory containing fp(B) such that the unit morphisms η B : B → F (B) for the reflector F : B → A are pure epimorphisms (Proposition 11). Furthermore, the adjunction F I induces an adjunction between the flat objects of A and A , respectively (Proposition 12).
E E E -elementary categories
In this section, we introduce a class of preabelian, but not necessarily abelian, categories with a small subcategory E of objects which can be regarded as "elements" (see [13, VIII.4, Theorem 3] 
with e ∈ E and c = cok e (in A ).
C be a cokernel in an additive category such that g factors through f . Then f is a cokernel. Proof. Assume, without loss of generality, that E is small. Let f : A → B be a morphism in A . By Proposition 1, the morphisms i : E i → A with E i ∈ E and f i = 0 form a set I( f ). So we get a mor-
Cok h k with c = cok h. We show that k = ker f . By the definition of g, every morphism e : E → A with E ∈ E and f e = 0 factors through k. Thus by Lemma 2 it suffices to verify that a morphism e : E → Cok h with E ∈ E and ke = 0 must be zero. By Definition 1, there is a cokernel e : E E with E ∈ E such that ee = ch for some h : E → i∈I( f ) E i . Hence gh = kee = 0. Therefore, h factors through h, which yields ee = ch = 0. Thus e = 0, which proves that A is preabelian.
Next we show that A has products i∈I A i for any set I . Let J be the set of all families e = (e i ) of morphisms e i : E e → A i with E e ∈ E . For each i ∈ I , this gives a morphism p i : e∈ J E e → A i . Let J denote the set of all morphisms f : E f → e∈ J E e with E f ∈ E and p i f = 0 for all i ∈ I . Then we get a commutative diagram As a consequence, we get a counterpart of Lemma 2.
Corollary. Let A be an E -elementary category. A morphism c : B → C in A is a cokernel if and only if for every morphism e : E → C there is a cokernel f : F E with F ∈ E such that e f factors through c.
Proof. The necessity follows by Definition 1. To prove the converse, we choose a cokernel e : E i C with components e i : E i → C and E i ∈ E . The condition of the criterion implies that there are cok-
is a cokernel, and e( f i ) factors through c. Since A is left semi-abelian, this implies that c is a cokernel. 2
Finitely presented objects
For an additive category A and a full subcategory E , let E ⊕ denote the full subcategory of finite direct sums E 1 ⊕ · · · ⊕ E n with E i ∈ E , and let Cok(E ) be the full subcategory of cokernels of morphisms in E ⊕ . Then Cok(E ) is closed with respect to finite direct sums. 
The next proposition shows that for an E -elementary category, there is no loss of generality if we assume E to be closed with respect to finite direct sums and cokernels.
Proposition 3. Every E -elementary category A is Cok(E )-elementary.
Proof. Since A is E ⊕ -elementary, we can assume that E is closed with respect to finite direct
E be a sequence of morphisms with e ∈ E and e = cok e . We show first that E is compact. For any morphism f : E → i∈I A i , there is a commutative diagram It remains to complete a diagram like (2) for a morphism f : E → C . First, we get a commutative
Definition 2. We call an object E of an additive category A finitely generated if for any cokernel i∈I A i E, there is a finite subset J ⊂ I such that the composite morphism j∈ J A j i∈I A i E is a cokernel. We say that E is finitely presented if, in addition, for any cokernel c : F E with F finitely generated, there is a morphism f : F → F with F finitely generated and c = cok f . The full subcategory of finitely generated (finitely presented) objects in A will be denoted by A fg (respectively A fp ).
Recall that a sequence
of morphisms in an additive category A is said to be short exact if a = ker b and b = cok a. 
Up to here, only the right-hand square of (2) in Definition 1 has been used. Namely, we only made use of the statement that for a cokernel b and a morphism f with E ∈ E , there is a cokernel c with E 0 ∈ E such that f c factors through b. By Proposition 4, every E -elementary category A satisfies E ⊂ A fg . With the "right-hand" week version of Definition 1, one could show that A is A fg -elementary. Now we turn our attention to finitely presented objects.
Proof. We show first that every object E ∈ E is finitely presented. By Proposition 4, E is finitely generated. Thus let K k F p E be a short exact sequence with F finitely generated. By Definition 1, there is a commutative diagram
with e ∈ E and c = cok e. Choose a cokernel q : i∈I E i K with E i ∈ E . We use the corollary of Proposition 2 to show that (e 0 kq) :
and thus we get a morphism
Since F is finitely generated, we find a subset 
is a natural isomorphism for all i ∈ Ob I . Assume that A is E -elementary, and let E denote the full subcategory of A I consisting of the functors V i (E) with i ∈ Ob I and E ∈ E . These objects are compact by virtue of (4). For any i, there is a cokernel c : E α
This gives a natural transformation 
which map an object A of A to A − := (A → 0) in com(A ) and to
respectively.
An object P of an additive category A is said to be projective if for any cokernel c : B C in A , every morphism P → C factors through c. A projective object in A op is said to be injective in A . We write Proj(A ) for the full subcategory of projective objects, and Inj(A ) for the full subcategory of injective objects of A . For example, we always have A ⊂ Inj(com(A )), with equality if and only if A has splitting idempotents. Due to the embedding (6), an object a : A 0 → A 1 in com(A ) can be identified with the kernel of a in com(A ).
For a full subcategory E of A , the full embedding
is used in the following definition. 
with v = cok u, where the components of u are
of u into a cokernel p and a monomorphism m. To show that m is a pure monomorphism, let
be a commutative diagram with E 0 , E 1 finitely presented. So there is a cokernel q : E 2 E 1 with E 2 finitely presented, and a morphism f 2 : 
in Ab for some Prüfer group Z p ∞ . It is easy to show that i is a pure monomorphism in A . Since Hom(Z p ∞ , E ) = 0, it follows that i is not a kernel.
The closure of an elementary category
The preceding example shows that pure monomorphisms in an elementary category A need not be kernels. We will show that this phenomenon is caused by a lack of objects. Note first that A fp is an elementary variety in the sense of the following Definition 5. We define an elementary variety to be a skeletally small additive category with cokernels, such that every diagram (2) 
Proof. The necessity follows by Proposition 9. Conversely, let (a)-(c) be satisfied. We show first that
Choose an E -epic cokernel p : E i A with E i ∈ E , and a morphism q : E j → E i with E j ∈ E such that every g : E → E i with pg = 0 and E ∈ E factors through q. Then p = cok q. Now f = pg for some g : E 0 → E i . Therefore, pge = 0, hence ge = qg for some g :
By Theorem 1, it remains to show that every diagram (2) with b = cok a and E ∈ E can be completed. Choose an E -epic cokernel e : i∈I E i B with with c = cok g. Consider the pairs (I , J ) of finite subsets I ⊂ I and J ⊂ J such that g restricts to a morphism g : j∈ J F j → i∈I E i of subcoproducts. Then there are natural morphisms C (I , J ) := Cok g → C which form a limit cocone. Hence (c) implies that f : E → C factors through some C (I , J ) → C . So the diagram (2) can be completed by virtue of (a). 2
For an additive category A , let fp(A ) denote the full subcategory of objects E for which Hom A (E, −) preserves direct limits in A , i.e. the natural morphism (11) in Ab is invertible whenever lim −→ A i exists in A . An additive category A is called locally finitely presented [6] if it admits direct limits, fp(A ) is skeletally small, and every object of A is a direct limit of objects E i ∈ fp(A ). It is well known [6] that any variety E corresponds to a locally finitely presented category A with E = fp(A ) and A ≈ − → E , the full subcategory of flat objects in Mod(E ).
Note that by Lazard's theorem [12 Proof. Assume that A is elementary. Then Proposition 10 implies that A fp ⊂ E . On the other hand, every object E of E admits an A fp -epic cokernel p : i∈I E i E with E i ∈ A fp , and there is a morphism q : j∈ J E j → i∈I E i with E j ∈ A fp and p = cok q. For the restrictions q : j∈ J E j → i∈I E i of q with finite I ⊂ I and J ⊂ J , the cokernels C (I , J ) := Cok q are finitely presented, and E = lim −→ C (I , J ). Hence there is a split epimorphism C (I , J ) E for suitable I , J , which proves that E = A fp . Now the necessity follows by Proposition 10.
Conversely, let E be an elementary variety such that every object of A is a direct limit of objects in E . Since every coproduct is a direct limit of finite subcoproducts, E ⊂ Since (11) Let F be a full subcategory of an additive category A . Recall that an F -precover of an object A of A is an F -epimorphism c : F → A with F ∈ F . If, in addition, every endomorphism e : F → F with ce = c is invertible, c is said to be an F -cover. We are interested in the special case where A is elementary and F = Flat(A ). Then an F -cover will be called a flat cover. Now we are ready to prove our main theorem. 
